Estimating the Implied Risk
Neutral Density
for the U.S. Market Portfolio



Extracting the Risk
Neutral Density from
Options Prices, in Theory =
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Table 1

S&P 500 Index Options Prices, Jan. 5, 2005

S&P 500 Index closing level, = 1183.74
Option expiration: 3/18/2005 (72 days)

Best bid

134.50
111.10
88.60
67.50
48.20
34.80
31.50
28.70
23.30
18.60
16.60
14.50
12.90
11.10
9.90
4.80
1.80
0.75
0.10
0.15
0.00
0.00

Calls
Best Average
offer price
136.50 135.500
113.10 112.100
90.60 89.600
69.50 68.500
50.20 49.200
36.80 35.800
33.50 32.500
30.70 29.700
25.30 24.300
20.20 19.400
18.20 17.400
16.10 15.300
14.50 13.700
12.70 11.900
10.90 10.400
5.30 5.050
230 2.050
1.00 0.875
0.60 0.350
0.50 0.325
0.50 0.250
0.50 0.250

Source: Optionmetrics

Implied
volatility

Interest rate = 2.69
Dividend yield = 1.70

Best
bid
0.00
0.00
0.00
0.00
0.00
0.10
0.00
0.00
0.00
0.20
0.50
0.85
1.30
1.50
2.05
3.00
4.50
6.80
10.10
15.60
21.70
23.50
25.60
30.30
35.60
38.40
41.40
44,60
47.70
51.40
70.70
02.80
116.40
140.80
165.50

Best
offer
0.05
0.05
0.05
0.10
0.15
0.20
0.25
0.50
0.50
0.70
1.00
1.35
1.80
2.00
2.75
3.50
5.30
7.80
11.50
17.20
23.70
25.50
27.60
32.30
37.60
40.40
43.40
46.60
49.70
53.40
72.70
94,80
118.40
142.80
167.50

Puts
Average
price

0.025
0.025
0.025
0.050
0.075
0.150
0.125
0.250
0.250
0.450
0.750
1.100
1.550
1.750
2.400
3.250
4.900
7.300
10.800
16.400
22.700
24.500
26.600
31.300
36.600
39.400
42.400
45.600
48.700
52.400
71.700
93.800
117.400
141.800
166.500

Implied
volatility
0.593
0.530
0.473
0.392
0.356
0.331
0.301
0.300
0.253
0.248
0.241
0.230
0.222
0.217
0.208
0.193
0.183
0.172
0.161
0.152
0.146
0.144
0.142
0.141
0.139
0.139
0.138
0.138
0.136
0.137
0.139
0.147
0.161
0.179
0.198
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This suggests the use of an interpolation technique to fill in intermediate values between the traded strike prices and to
smooth out the risk neutral distribution.

Cubic spline interpolation is a very common first choice as an interpolation tool.

180

160

140

120

100

80

Option price

60

40

20

0c¢

il
Y= D= @ o mm @O OO = O=0=0 O EO"
500

Figure 3: Market Option Prices with Cubic Spline Interpolation
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Figure 4. Densities from Option Prices with Cubic Spline Interpolation
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David Shimko (1993) proposed transforming the market option prices into implied volatility (V) space before interpolating,
then retransforming the interpolated curve back to price space to compute a risk neutral distribution.

Applying a cubic spline to interpolate the volatility smile still produces bad results for the fitted RND.

* The main reason for this is that an n-th degree spline constructs an interpolating curve consisting of segments of n-th
order polynomials joined together at a set of "knot" points.

* At each of those points, the two curve segments entering from the left and the right are constrained to have the same
value and the same derivatives up to order n-1.

e Thus a cubic spline has no discontinuities in the level, slope or 2nd derivative, meaning there will be no breaks, kinks, or
even visible changes in curvature at its knot points.

* But when the interpolated IV curve is translated back into option strike-price space and the RND is constructed by taking
the second derivative , the discontinuous 3rd derivative of the IV curve becomes a discontinuous first derivative in the
RND.

The simple solution is just to interpolate with a 4th order spline or higher.



For the very deep in the money case, the

effect of optionality is quite limited, such that the
IV might range from 12.9% to 14.0%

within the bid-ask spread. For the lowest strike
call, there is no IV at the bid price,

because it is below the no-arbitrage minimum call
price. The IV at the ask is 15.6%,

while the IV at the midpoint, which is what goes
into the calculations, is 11.8%. In

addition to the wide bid-ask spreads, there is little
or no trading in deep in the money

contracts. On this day, no 1050 or 1075 strike calls
were traded at all, and only 3 1150

strike calls changed hands. Most of the trading is
in at the money or out of the money

contracts.

IT™M

OT™M

Strike

price
300
550
600
700
750
800
825
850
900
925
950
975
995
1005
1025
1050
1075
1100
1125
1150
1170
1175
1180
1190
1200
1205
1210
1215
1220
1225
1250
1275
1300
1325
1350
1400
1500

Table 1

S&P 500 Index Options Prices, Jan. 5, 2005

S&P 500 Index closing level, = 1183.74
Option expiration: 3/18/2005 (72 days)

Calls
Best bid Best Average Implied
offer price volatility

134.50 136.50 135.500 0.118
111.10 113.10 112.100 0.140
88.60 90.60 89.600 0.143
67.50 69.50 68.500 0.141
48.20 50.20 49.200 0.135
34.80 36.80 35.800 0.131
31.50 33.50 32.500 0.129
28.70 30.70 29.700 0.128
23.30 25.30 24.300 0.126
18.60 20.20 19.400 0.123
16.60 18.20 17.400 0.123
14.50 16.10 15.300 0.121
12.90 14.50 13.700 0.122
11.10 12.70 11.900 0.120
9.90 10.90 10.400 0.119
4.80 5.30 5.050 0.117
1.80 230 2.050 0.114
0.75 1.00 0.875 0.115
0.10 0.60 0.350 0.116
0.15 0.50 0.325 0.132
0.00 0.50 0.250 0.157
0.00 0.50 0.250 0.213

Source: Optionmetrics

Interest rate = 2.69
Dividend yield = 1.70

Best
bid
0.00
0.00
0.00
0.00
0.00
0.10
0.00
0.00
0.00
0.20
0.50
0.85
1.30
1.50
2.05
3.00
4.50
6.80
10.10
15.60
21.70
23.50
25.60
30.30
35.60
38.40
41.40
44,60
47.70
51.40
70.70
02.80
116.40
140.80
165.50

Best
offer
0.05
0.05
0.05
0.10
0.15
0.20
0.25
0.50
0.50
0.70
1.00
1.35
1.80
2.00
2.75
3.50
5.30
7.80
11.50
17.20
23.70
25.50
27.60
32.30
37.60
40.40
43.40
46.60
49.70
53.40
72.70
94,80
118.40
142.80
167.50

Puts
Average
price

0.025
0.025
0.025
0.050
0.075
0.150
0.125
0.250
0.250
0.450
0.750
1.100
1.550
1.750
2.400
3.250
4.900
7.300
10.800
16.400
22700
24.500
26.600
31.300
36.600
39.400
42.400
45.600
48.700
52.400
71.700
93.800
117.400
141.800
166.500

Implied
volatility
0.593
0.530
0.473
0.392
0.356
0.331
0.301
0.300
0.253
0.248
0.241
0.230
0.222
0.217
0.208
0.193
0.183
0.172
0.161
0.152
0.146
0.144
0.142
0.141
0.139
0.139
0.138
0.138
0.136
0.137
0.139
0.147
0.161
0.179
0.198
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Table 1
S&P 500 Index Options Prices, Jan. 5, 2005

S&P 500 Index closing level, = 1183.74 Interest rate = 2.69
Option expiration: 3/18/2005 (72 days) Dividend yield = 1.70
Calls Puts
Strike  Best bid Best Average Implied | Best Best Average Implied
price offer price volatility | bid offer price volatility
500 - - - - 0.00 0.05 0.025 0.593
550 - - - - 0.00 0.05 0.025 0.530
. 600 - - - - 0.00 0.05 0.025 0.473
But out of the money contracts present their own 700 _ i _ i 000 010 0050 0392
750 - - - - 0.00 0.15 0.075 0.356
data problems, because of extremely 800 _ ] _ ] o0 020 015 o1
: : : : : 825 - - - - 0.00 0.25 0.125 0.301
wide bid-ask spreads relative to their prices. The 850 _ i _ i 000 050 025 0300
. 900 - - - - 0.00 0.50 0.250 0.253
925 strike put, for example, would have 025 _ i _ i 020 070 o04s0 0o
. . . 950 - - - - 0.50 1.00 0.750 0.241
an IV of 22.3% at its bid price of 0.20 and 26.2% at po _ i _ i 085 135 L0 0230
: ; 995 - - - - 130 1.80 1.550 0.222
the ask price of 0.70. Setting the IV 1005 _ ] _ ] S0 200 1730 0217
: : 0 SR 1025 - - - - 2.05 2.75 2.400 0.208
for this option at 24.8% based on the mid price of N 1050 13450 13650 135500  0.118 3.00 3.50 3.250 0193 oo
: : 1075 11110 11310 112100 0.140 450 5.30 4.900 0.183
0.45is Clearly rather arbitra ry. 1100 88.60 90.60  89.600 0.143 6.80 7.80 7.300 0.172
1125 67.50 69.50  68.500 0.141 10.10 11.50 10.800 0.161
1150 48.20 5020 49.200 0.135 15.60 17.20 16.400 0.152
. . . 1170 34.80 3680 35.800 0131 | 2170 2370 22.700 0.146
To incorporate these ideas into our 1175 31.50 3350 32500 0029 | 2350 2550 24500  0.144
. . . 1180 28.70 3070 29.700 0128 | 2560  27.60 26.600 0.142
methodology, we first discard all options 1190 2330 3530 24300 0.26 | 3030 3230 31300  0.141
. . 1200 18.60 2020 19.400 0123 | 3560  37.60 36.600 0.139
whose bid prices are less than 0.50 1205 16.60 1820 17.400 0.123 | 3840 4040 39.400 0.139
1210 14.50 1610 15300 0121 | 4140 4340 42.400 0.138
1215 12.90 1450 13.700 0122 | 4460  46.60 45.600 0.138
1220 11.10 1270 11.900 0120 | 4770 4970 48.700 0.3 ITM
OTM 1225 9.90 10.90  10.400 0.119 | 5140 5340 52.400 0.137
1250 4.80 5.30 5.050 0117 | 7070 7270 71.700 0.139
1275 1.80 230 2050 0114 | 9280 9480 93.800 0.147
1300 0.75 1.00 0.875 0115 | 11640 11840 117400  0.16l
1325 0.10 0.60 0.350 0.116 | 14080 14280 141800  0.179
1350 0.15 0.50 0.325 0132 | 16550 16750 166500  0.198
1400 0.00 0.50 0.250 0.157 - - - -
1500 0.00 0.50 0.250 0.213 - - - -
Source: Optionmetrics




Table 1
S&P 500 Index Options Prices, Jan. 5, 2005

I d M h | I d I V : h S&P 500 Index closing level, = 1183.74 Interest rate = 2.69
B e n I n g t e Ca a n p ut S I n t e Option expiration: 3/18/2005 (72 days) Dividend yield = 1.70
. Calls Puts
re g I O n a rO u n d t h e at t h e m O n ey Strike Best bid Best Average Implied | Best Best Average Implied
price offer price volatility | bid offer price volatility
. 500 - - - - 0.00 0.05 0.025 0.593
N d ex | eve I . 550 - - - - 0.00 0.05 0.025 0.530
600 - - - - 0.00 0.05 0.025 0.473
700 - - - - 0.00 0.10 0.050 0.392
750 - - - - 0.00 0.15 0.075 0.356
800 - - - - 0.10 0.20 0.150 0.331
Next we want to combine calls and puts, 825 : - : - 000 025 0125 0301
850 - - - - 0.00 0.50 0.250 0.300
using the out of the money contracts for each. 900 : - : - 000 030 0250 0253
925 - - - - 0.20 0.70 0.450 0.248
But from Table 1, with the current index 950 : : : . 050 100 0750 0241
975 - - - - 0.85 1.35 1.100 0.230
level at 1183.74, if we simply use puts with strikes 995 : . - : 13 180 LS50 022
1005 - - - - 1.50 2.00 1750 0217
up to 1180 and calls with strikes from 1025 , - : - 205 275 2400 0208
1050 134.50 13650 135500  0.118 3.00 3.50 3.250 0.193
1190 to 1300, there will be a Jump from the put \V ITM 1075 111.10 11310 112100 0.140 4.50 5.30 4.900 0153 OTM
1100 88.60 90.60  89.600 0.143 6.80 7.80 7.300 0.172
of 14.2% to the call IV of 12.6% at 1125 67.50 69.50  68.500 0.141 10.10 11.50 10.800 0.161
1150 4820 5020 49.200 0.135 15.60 17.20 16.400 0.152
the break point. 1170 34.80 36.80  35.800 0.131 21.70 23.70 22.700 0.146
1175 31.50 3350 32.500 0.129 23.50 25.50 24.500 0.144
1180 28.70 3070 29.700 0.128 25.60 27.60 26.600 0.142
1190 2330 2530 24300 0.126 30.30 3230 31.300 0.141
1200 18.60 2020 19.400 0.123 35.60 37.60 36.600 0.139
1205 16.60 1820 17.400 0.123 38.40 40.40 39.400 0.139
1210 14.50 1610 15.300 0.121 41.40 43.40 42.400 0.138
1215 12.90 1450 13.700 0.122 44.60 46.60 45.600 0.138
1220 11.10 1270 11.900 0.120 47.70 49.70 48.700 0.3 ITM
OTM 1225 9.90 1090 10.400 0.119 51.40 53.40 52.400 0.137
1250 4.80 5.30 5.050 0.117 70.70 72.70 71.700 0.139
1275 1.80 2.30 2.050 0.114 92.80 94.80 93.800 0.147
1300 0.75 1.00 0.875 0.115 11640 11840 117400  0.161
1325 0.10 0.60 0.350 0.116 | 140.80 14280 141800  0.179
1350 0.15 0.50 0325 0132 | 16550 16750 166500  0.198
1400 0.00 0.50 0.250 0.157 - - - -
1500 0.00 0.50 0.250 0213 - - - -
Source: Optionmetrics




Blending the call and put IVs in the region around the at the money index level.

We have chosen a range of 20 points on either side of the current index
value SO in which the IV will be set to a weighted average of the IVs
from the calls and the puts.

Let Xjow be the lowest traded strike such that (Sy - 20) < X, and Xpign be the highest

traded strike such that Xy < (So +20). For traded strikes between X, and Xpign We
use a blended value between 1V(X) and IV ,;(X), computed as

(10) Ivblend (X) = W vaut (X) T (1 — W) IVcall (X)

Xhigh = X
Xhigh o Xlow

where




Table 1
S&P 500 Index Options Prices, Jan. 5, 2005

I d 1 h | I d I V H h S&P 500 Index closing level, = 1183.74 Interest rate = 2.69
B e n I n g t e Ca a n p u t S I n t e Option expiration: 3/18/2005 (72 days) Dividend yield = 1.70
H Calls Puts
re g I O n a ro u n d t h e at t h e m O n ey Strike Best bid Best Average Implied | Best Best Average Implied
price offer price volatility | bid offer price volatility
: 500 - - - - 0.00 0.05 0.025 0.593
N d ex | eve I . 550 - - - - 0.00 0.05 0.025 0.530
600 - - - - 0.00 0.05 0.025 0.473
700 - - - - 0.00 0.10 0.050 0.392
750 - - - - 0.00 0.15 0.075 0.356
800 - - - - 0.10 0.20 0.150 0.331
825 - - - - 0.00 0.25 0.125 0.301
i i 850 - - - - 0.00 0.50 0.250 0.300
In this case, we take put IVs for strikes up R NS R .
M 925 - - - - 0.20 0.70 0.450 0.248
t01150, blended Vs for strikes 1170 to 950 : S Lo i e oo
. 975 - - - - 0.85 1.35 1.100 0.230
d I I f k f 995 - - - - 1.30 1.80 1.550 0.222
1200, and call IVs for strikes from 1205 up. W - - | w1 s o
1025 - - - - 2.05 2.75 2.400 0.208
1050 134.50 136.50 135.500 0.118 3.00 3.50 3.250 0.193
Figure 5: Implied Volatilities from All Calls and Puts ITM 1075 111.10 113.10  112.100 0.140 4.50 5.30 4.900 0153 OTM
Minimum Bid Price 0.50 1100 88.60 90.60  89.600 0.143 6.80 7.80 7.300 0.172
4th degree Spline Interpolation (1-knot) 1125 67.50 69.50 68500 0141 | 1010 1150 10800  0.161
1150 48.20 50.20 49.200 0.135 15.60 17.20 16.400 0.152
0.70 1170 34.80 36.80 35.800 0.131 21.70 23.70 22.700 0.146
' 1175 31.50 33.50 32.500 0.129 23.50 25.50 24.500 0.144
0.60 ¢ 1180 28.70 30.70 29.700 0.128 25.60 27.60 26.600 0.142
1190 23.30 25.30 24.300 0.126 30.30 32.30 31.300 0.141
0.50 = 1200 18.60 20.20 19.400 0.123 35.60 37.60 36.600 0.139
g‘ o 1205 16.60 18.20 17.400 0.123 38.40 40.40 39.400 0.139
E 0.40 & 1210 14.50 16.10 15.300 0.121 41.40 43.40 42.400 0.138
g o) 1215 12.90 14.50 13.700 0.122 44.60 46.60 45.600 0.138
T 0.30 ? oo 1220 11.10 1270 11.900 0120 | 4770 4970 48.700 0.3 ITM
= OT™M 1225 9.90 10.90 10.400 0.119 51.40 53.40 52.400 0.137
E 0.20 © 1250 4.80 5.30 5.050 0.117 70.70 72.70 71.700 0.139
© 1275 1.80 2.30 2.050 0.114 92.80 94.80 93.800 0.147
0.10 1300 0.75 1.00 0.875 0.115 116.40 118.40 117.400 0.161
1325 0.10 0.60 0.350 0.116 140.80 142.80 141.800 0.179
0.00 ! 1350 0.15 0.50 0.325 0.132 165.50 167.50 166.500 0.198
500 600 700 800 900 1000 1100 1200 1300 1400 1500 1400 0.00 0.50 0.250 0.157 - - - -
S&P 500 Index 1500 0.00 0.50 0.250 0.213 - - - -
— 4th degree polynomial on combined IVs ¢ Traded Call Ivs O Traded Put IVs Source: Optionmetrics




Incorporating Market Bid-Ask Spreads

o FHijE/{H F4th order splinefE & IV 43H% » @r{ti Fleast squarefk Hioptimal parameters

» Minimize ¥;(IVopservea,i — Vspiinei)* 1L AIE AR #equally weighted

* It would make sense to be more concerned about cases where the spline fell outside the quoted spread than those

remained within it. -> fZEi1/£Bid-Ask Spread MY Ve ine, i

* adapt the cumulative normal distribution function to construct a weighting function that allows weights between 0 to 1

as a function of a single parameter o.

N[IVspline,i — Vg, > 0] if IVMidpoint = IVspline,i

o W;(IVspy ,-)= 2
i\ Vspline,i N[IVBid,i — Wspline,i 0] if Wsptine,i = Vmiapoint

. IVspline,i_IVAsk,i
. if IVMidpoint = IVspline,i ’ N( o )

. 1IVBig,i =1Vspline,i
. if IVspline,i = IVMidpoint ’ N( >

. e 2
* Minimize ZiWi(IVobserved,i - IVspline,i)



Incorporating Market Bid-Ask Spreads

N[IVspline,i - IVAsk,i ’ O-] if IVMidpoint < IVspline,i

Wi(IVspline,i) =

. IVspline,i_IVAsk,i
© if IVMidpoint = IVspline,i ’ N( o )

. IVBid,i _IVspline,i
if IVspline,i = IVMidpoint ’ N( )

o

N[IVBid,i - IVspline,i ’ 0] if IVspline,i = IVMidpoint

Weight on Squared Deviation

-2l5 2 l5 -1 -0/5 0 ol5 1 115

Figure 6: Alternative Weighting of Squared Deviations
Within and Outside the Bid-Ask Spread

1.2 I
. IV at
IV at Bid Midprice IV at Ask

0.115 0.12 0.125 0.13 0.135 0.14
Implied Volatility

—— Equal weights (sigma=100)
- - - - Very small penalty inside Bid-Ask (sigma=0.001)

0.145

Increased penalty outside Bid-Ask (sigma=0.005)




Figure 7: Densities Constructed Using Alternative Interpolation Methods
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Begin with bid and ask quotes for calls and puts with a given expiration date.

Discard quotes for very deep out of the money options. We required a minimum bid price of $0.50 for this study.
Combine calls and puts to use only the out of the money and at the money contracts, which are the most liquid.
Convert the option bid, ask and midprices into implied volatilities using the Black Scholes equation. To create a
smooth transition from put to call IVs, take weighted averages of the bid, ask and midprice IVs from puts and calls in
a region around the current at the money level.

Fit a spline function of at least 4th order to the midprice implied volatilities by minimizing the weighted sum of
squared differences between the spline curve and the midprice IVs. The weighting function shown in equation (11)
downweights deviations that lie within the market's quoted bid-ask spread relative to those falling outside it. The
number of knots should be kept small, and their optimal placement may depend on the particular data set under
consideration. In this study we used a 4th order spline with a single knot at the money.

Compute a dense set of interpolated IVs from the fitted spline curve and then convert them back into option prices.
Apply the procedure described in Section 3 to the resulting set of option prices in order to approximate the middle

portion of the RND.



Adding Tails to the Risk Neutral Density

* Extending the empirical RND by grafting onto it tails drawn from a suitable parametric probability distribution in such
a way as to match the shape of the estimated RND over the portion of the tail region for which it is available.
* Fisher-Tippett Theorem
let x4, X3, ... be an i.i.d. sequence of draws from some distribution F and let M,, denote the maximum
of the first n observations. If we can find sequences of real numbers a,, and b,, such that the sequence
(Mn_bn)
an

< x) = H(x) as n = oo then H is a GEV distribution.

of normalized maxima
(Mn_bn)

n

converges in distribution to some non-degenerate distribution H(x), i.e.,

P(

e GEV distribution (CDF)
-1

F(Z) = ¢~ (1+¢2) © ¢ determines the tail shape » z = T~ K

o
C OB BT AL R
C O =0 R RE R IEER
CHE<O  FRATA—BARIN LR (KR BUARNEESERAERR ML) -




Adding Tails to the Risk Neutral Density

GEV distribution (CDF)

F(z) = e~ (1+82) S ¢ determines the tail shape » z = T K

o

* Xq, X5, .., Xy are available strike price from the market

 Fryr(+) and Fgyr(+) to denote the approximating CDF of GEV distributions for the left and right tails
* Fgyp(+) denotes the estimated empirical risk neutral distribution.

* fryr(*) and fgyr(+) as the corresponding density functions
* X(a)denotes the exercise price corresponding to the a-quantile of the risk neutral distribution. Fg,p(X(@)) = «

FHJEE, we choose ayr and a;y , there are some conditions for the right tail :
1. X(air) < Xn—q

2. Fgyr(X(aor)) = aor
3. fevr(X(aor)) = femp (X (aor))

4. fevr(X(@1r)) = femp (X (@1r))
The GEV parameter values that will cause these conditions to be satisfied can be found
easily using standard optimization procedures.



Adding Tails to the Risk Neutral Density

GEV distribution (CDF)
-1

F(z) = e~ (1+¢2) * ¢ determines the tail shape

FERE, GEVA B2 HIZHIL ' S KA ) HYAT - B ME R AT FE B RS il E—{E & 5% - i ME SRR (B

—Sp — —py =S . »
zZ = TT“L = % » Uy is a positive value

For left tail, we choose ay; and aq; , there are some conditions for the right tail :

1. X, < X(aqr)

2. Fgyp(—X(agL)) = 1 —ay,

3. fevi (=X (@o1)) = femp (X (o))
4. fevr(=X(@11)) = femp (X (a1L))

The GEV parameter values that will cause these conditions to be satisfied can be found

easily using standard optimization procedures.
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Figure 8: Risk Neutral Density and Fitted GEV Tail Functions
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